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1 Introduction
Smith homology [1] [2]
. Borsuk-Ulam Smith homology
, [3] [6] Smith exact sequence
. , ,
Smith homology , , [1] [2]
Smith exact sequence . , , Borsuk-Ulam
homology .
Theorem 1.1([5]). $k$ 2 , $C_{k}$ $k$ . $X$
$C_{k}$ , $Y$ $C_{k}$ Hausdorff
. , $n$ , $1\leqq q\leqq n$ $H_{q}(X;Z/kZ)=0$ ,
$H_{n+1}(Y/C_{k};Z/kZ)=0$ , $X$ $Y$
$C_{k}$ -map .
$X=S^{m},$ $Y=S^{n}$ $C_{k}$ $(k$ 2
$m,$ $n$ ) , $m>n$ , $S^{m}$ $S^{n}$ $C_{k}$-map
Borsuk-Ulam .
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2 The Smith homology
, Smith homology . [1] [2] homology
, , singular homology .
, $k$ 2 , $C_{k}$ $k$ . $X$ $C_{k}$ -space
, $Z/kZ[C_{k}]$ $Z/kZ$ $C_{k}$ .





. $\alpha\beta=\beta\alpha=0$ . , $q$ $\alpha C_{q}(X;Z/kZ)$
$\beta C_{q}(X;Z/kZ)$ $C_{q}(X;Z/kZ)$ $Z/kZ[C_{k}]$ -submodule , $\alpha\partial=\partial\alpha,$ $\beta\partial=$
$\partial\beta$ , ( $\partial$ $\{C_{q}(X,$ $Z/kZ)\}$ boundary operator ),
$\{\alpha C_{q}(X;Z/kZ)\}$ $\{\beta C_{q}(X;Z/kZ)\}$ $\{C_{q}(X, Z/kZ)\}$ subchain com-
plex .
Proposition 2.1. $q$ , .
$0arrow\alpha C_{q}(X;Z/kZ)arrow iC_{q}(X;Z/kZ)arrow\beta\beta C_{q}(X;Z/kZ)arrow 0$,
$0arrow\beta C_{q}(X;Z/kZ)arrow jC_{q}(X;Z/kZ)arrow\alpha\alpha C_{q}(X;Z/kZ)arrow 0$.
, $i,$ $j$ , $\alpha$ (resp. $\beta$) $\alpha$ (resp. $\beta$)
.
Proof. $\beta oi=0,$ $\alpha\circ j=0$ , ${\rm Im} i\subset Ker\beta,$ ${\rm Im} j\subset Ker\alpha$ .
$s= \sum_{j}\sum_{i=0}^{k-1}n_{ji}g^{i}\sigma_{j}\in Ker\beta$ . , $g$ $C_{k}$ , $l\neq l’$ ,
$0\leqq i\leqq k-1$ , $g^{i}\sigma_{l}\neq\sigma_{l’}$ $\sigma_{i}$ . $\beta s=0$ ,
$j$ , $\sum_{i=0Ji}^{k-1_{ng^{i}(1-g)\sigma=}}j0$ . ,
, $j$ , $\sum_{i=1}^{k-1}(n_{ji}-n_{j(i-1)})g^{i}\sigma_{i}+(n_{j0}-n_{j(k-1)})\sigma_{j}=0$
. $l_{\llcorner}’,$ $n_{j0}=n_{j1}=\cdots=n_{jk-1}$ . $n_{j}=n_{j0}(=n_{j1}=\cdots=n_{jk-1})$ ,
$s= \sum_{j}nj(1+g+\cdots+g^{k-1})\sigma j=\alpha\sum_{J^{n_{j}\sigma}j}\in{\rm Im} i$. , $Ker\beta={\rm Im} i$
.
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$t_{\llcorner}’s=\sum_{j}\sum_{i=0}^{k-1}n_{ji}g^{i}\sigma_{j}\in Ker\alpha$ . $\alpha s=\sum_{j}(n_{j0}+\cdots+n_{j(k-1)})(1+$
. . . $+g^{k-1})\sigma j=0$ , $n_{j0}+\cdots+n_{j(k-1)}=0$ .
, $s= \sum_{j}(n_{j0}(1-g)+(n_{j0}+n_{j1})g(1-g)+(n_{j0}+n_{j1}+n_{j2})g^{2}(1-$
$g)+\cdots+(nJ0+nj_{1}+\cdots+nj(k-2))g^{k-2}(1-g))\sigma j$ , $s\in{\rm Im} j$ . $\#_{\llcorner}’$
$Ker\alpha={\rm Im} j$ . I
$H_{q}^{\alpha}(X, Z/kZ),$ $H_{q}^{\beta}(X, Z/kZ)$ chain complex $\{\alpha C_{q}(X;Z/kZ)\}$ ,




. . . $arrow H_{q}^{\alpha}(X;Z/kZ)arrow H_{q}(X;Z/kZ)^{\beta_{*}}-\rangle H_{q}^{\beta}(X;Z/kZ)i$
$arrow H_{q-1}^{\alpha}\partial_{*}(X\cdot, Z/kZ)arrow H_{q-1}(X;Z/kZ)iarrow H_{q-1}^{\beta}(X;Z/kZ)\beta_{*}arrow\ldots$
. . . $arrow H_{q}^{\beta}(X;Z/kZ)arrow H_{q}(X;Z/kZ)^{\alpha_{*}}\rangle H_{q}^{\alpha}(X;Z/kZ)j_{*}$
; $H_{q-1}^{\beta}(X;Z/kZ)arrow H_{q-1}(X;Z/kZ)^{\alpha_{*}}-\rangle H_{q-1}^{\alpha}(X, Z/kZ)jarrow\ldots$
$k=2$ $\alpha=\beta$ , .
. . . $arrow H_{q}^{\alpha}(X;Z/2Z)arrow H_{q}(X;Z/2Z)\underline{\alpha}_{*}arrow H_{q}^{\alpha}(X;Z/2Z)i_{*}$
$-\rangle\partial_{*}H_{q-1}^{\alpha}(X;Z/2Z)arrow H_{q-1}(X;Z/2Z)^{\alpha_{*}}-\rangle H_{q-1}^{\alpha}(X;Z/2Z)i_{*}arrow\ldots$
proposition , $k=2$ Thom-Gysin (cf.
[4] $)$ .
Proposition 2.3. $Y$ $C_{k}$ free Hausdorff .
, $q\in Z$ , $H_{q}^{\alpha}(Y, Z/kZ)\cong H_{q}(Y/C_{k}, Z/kZ)$ .
Proof. , $\alpha$ : $C(Y;Z/kZ)arrow\alpha C(Y;Z/kZ)$ orbit map $\pi$ : $Yarrow Y/C_{k}$
$\pi_{\#}$ : $C(Y;Z/kZ)arrow C(Y/C_{k;}Z/kZ)$ kernel
.
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$\alpha(\sum n_{ig^{i}}\sigma)=(\sum n_{i})\alpha(\sigma)$ , $\alpha(\sum n_{i}g^{i}\sigma)=0$
$\sum n_{i}=0$ . , $\pi_{\#}(\sum n_{ig^{i}}\sigma)=(\sum n_{i})\pi 0\sigma$ , $\pi_{\#}(\sum n_{i}g^{i}\sigma)=0$
$\sum$ $ni=0$ . , $\alpha$ $\pi\#$ kernel
.
$\tau$ : $\triangle^{s}arrow Y/C_{k}$ lift $\tilde{\tau}$ : $\triangle^{s}arrow Y$ $\pi_{\#}$ . ,
$\alpha$ : $C(Y;Z/kZ)arrow\alpha C(Y;Z/kZ)$ .
$\alpha C(Y;Z/kZ)$ $C(Y/C_{p};Z/kZ)$ chain complex .
, $H_{q}^{\alpha}(Y, Z/kZ)\cong H_{q}(Y/C_{k}, Z/kZ)$ . I
3 Proof of Theorem 1.1
, Introduction Theorem 1. 1 .
Theoreml.1 $C_{k}$ -map $f$ : $Xarrow Y$ . $X$
, $f(X)$ . , $f(X)$ $Y$
. $f(X)$ $C_{k}$ free $f(X)$ $Y$
$C_{k}$ free ,
, , $Y$ .
$k=2$ . $f$ $C_{2^{-}}map$ , $\alpha f_{\#}=f_{\#}\alpha$ .
, , homology $Z/2Z$














































, $(i_{*}^{X})_{0}=0$ and $(i_{*}^{Y})_{0}=0$ , $(\alpha_{*}^{X})_{0}$ : $H_{0}(X)arrow H_{0}^{\alpha}(X)$ $(\alpha_{*}^{Y})_{0}$ :
$H_{0}(Y)arrow H_{0}^{\alpha}(Y)$ . , $H_{0}(X)\cong Z/2Z$ , $H_{0}(X)\cong$
$H_{0}^{\alpha}(X)\cong Z/2Z$ . , $H_{0}(Y)\cong H_{0}^{\alpha}(Y)\cong Z/2Z$ . $(f_{*})0$ :
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$H_{0}(X)arrow H_{0}(Y)$ , $(\alpha_{*}^{Y})_{0}\circ(f_{*})_{0}=(f_{*}^{\alpha})_{0}\circ(\alpha_{*}^{X})_{0}$ , $(f_{*}^{\alpha})_{0}$ :
$H_{0^{\alpha}}(X)arrow H_{0^{\alpha}}(Y)$ .
$(i_{*}^{X})_{0}=0$ , ${\rm Im}(\partial_{*}^{X})_{1}=Ker(i_{*}^{X})_{0}=H_{0^{\alpha}}(X)$ . , $(\partial_{*}^{Y})_{1}\circ(f_{*}^{\alpha})_{1}=$
$(f_{*}^{\alpha})_{0}\circ(\partial_{*}^{X})_{1}$ : $H_{1}^{\alpha}(X)arrow H_{0}^{\alpha}(Y)$ ( , $0$ )
. , $(f_{*}^{\alpha})_{1}$ : $H_{1}^{\alpha}(X)arrow H_{1}^{\alpha}(Y)$ .
$X$ homology , $1\leqq q\leqq n$ , $(\partial_{*}^{X})_{q}:H_{q}^{\alpha}(X)arrow$
$H_{q-1}^{\alpha}(X)$ , , $0\leqq q\leqq n$
$(f_{*}^{\alpha})_{q}$ : $H_{q}^{\alpha}(X)arrow H_{q}^{\alpha}(Y)$ .
Proposition 2.3 $H_{n+1}^{\alpha}(Y)\cong H_{n+1}(Y/C_{p})$ , $H_{n+1}(Y/C_{p})=0$
, $H_{n+1}^{\alpha}(Y)=0$ . , $(i_{*}^{Y})_{n}$ : $H_{n}^{\alpha}(Y)arrow H_{n}(Y)$
, $(f_{*}^{\alpha})_{n}$ : $H_{n}^{\alpha}(X)arrow H_{n}^{\alpha}(Y)$ $(i_{*}^{Y})_{n}$ : $H_{n}^{\alpha}(Y)arrow$
$H_{n}(Y)$ , $(i_{*}^{Y})_{n}\circ(f_{*}^{\alpha})_{n}$ : $H_{n}^{\alpha}(X)arrow H_{n}(Y)$
.
, $H_{n}(X)=0$ , $(i_{*}^{Y})_{n}\circ(f_{*}^{\alpha})_{n}=(f_{*})_{n}\circ(i_{*}^{X})_{n}=0$ . ,
$k=2$ $X$ $Y$ $C_{k}$ -map .
$k>2$ . , , homology








$H_{n-1}^{\alpha}(X)$ $arrow$ .. .

















































































$(i_{*}^{X})_{0}=0$ $(i_{*}^{Y})_{0}=0$ . , $(\beta_{*}^{X})_{0}$ : $H_{0}(X)arrow H_{0}^{\beta}(X)$
$(\beta_{*}^{Y})_{0}$ : $H_{0}(Y)arrow H_{0}^{\beta}(Y)$ . $(f_{*})_{0}$ : $H_{0}(X)arrow H_{0}(Y)$ ,
$(f_{*}^{\beta})_{0}$ : $H_{0}^{\beta}(X)arrow H_{0}^{\beta}(Y)$ .
, 2 $(f_{*}^{\alpha})_{0}$ : $H_{0}^{\alpha}(X)arrow H_{0}^{\alpha}(Y)$
.
$H_{1}(X)=0$ $(i_{*}^{X})_{0}=0$ , $(\partial_{*}^{X})_{1}$ : $H_{1}^{\beta}(X)arrow H_{0^{\alpha}}(X)$ .
, $(\partial_{*}^{JX})i$ : $H_{1}^{\alpha}(X)arrow H_{0}^{\beta}(X)$ .
$(\partial_{*}^{Y})_{1}\circ(f_{*}^{\beta})_{1}=(f_{*}^{\alpha})_{0}\circ(\partial_{*}^{X})_{1}$ $(\partial_{*}^{\prime Y})_{1}\circ(f_{*}^{\alpha})_{1}=(f_{*}^{\beta})_{0}\circ(\partial_{*}^{\prime X})_{1}$ , $(f_{*}^{\alpha})_{1}$ :
$H_{1}^{\alpha}(X)arrow H_{1}^{\alpha}(Y)$ $(f_{*}^{\beta})_{1}$ : $H_{1}^{\alpha}(X)arrow H_{1}^{\beta}(Y)$
.
$X$ homology , $1\leqq q\leqq n$ , $(\partial_{*}^{X})_{q}:H_{q}^{\beta}(X)arrow$
$H_{q-1}^{\alpha}(X)$ $(\partial_{*}^{\prime X})_{q}$ : $H_{q}^{\alpha}(X)arrow H_{q-1}^{\beta}(X)$ , $(f_{*}^{\alpha})_{q}$ :
$H_{q}^{\alpha}(X)arrow H_{q}^{\alpha}(Y)$ $(f_{*}^{\beta})_{q}$ : $H_{1}^{\alpha}(X)arrow H_{q}^{\beta}(Y)$ $0\leqq q\leqq n$
. Proposition 2.3 , $H_{n+1}^{\alpha}(Y)\cong H_{7l+1}(Y/C_{p})$
$,$
$H_{n+1}(Y/C_{p})=0$ , $Ker(j_{*}^{Y})_{n}={\rm Im}(\partial_{*}^{\prime Y})_{n+1}=0$. , $(j_{*}^{1’})_{n}$ :
$H_{n}^{\beta}(Y)arrow H_{n}(Y)$ . $(j_{*}^{Y})_{\tau\iota}\circ(f_{*}^{\beta})_{n}$ .
, $(j_{*}^{Y})_{n}\circ(f_{*}^{\beta})_{n}=(f_{*})_{n}\circ(i_{*}^{X})_{n}$ $H_{n}(X)=0$ , $(i_{*}^{Y})_{n}\circ(f_{*}^{\beta})_{n}=0$
. . . 1
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